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We show that rigidity of matrices can be used to prove lower bounds on depth 2 circuits 
and communication graphs. We prove a general nonlinear bound on a certain type of circuits and 
thus, in particular, we determine the asymptotic size of depth d superconcentrators for all depths 
_> 4 (for even depths _> 4 it has been determined before). 

1. I n t r o d u c t i o n  

This research is mot ivated  by the problem of proving nonlinear lower bounds  
for circuits comput ing  explicitly given boolean functions f : { 0 , 1 } n - +  {0,1} n. An 
impor tan t  result of Valiant [10] reduces this problem (with an addit ional  condit ion 
of depth  O( logn))  to proving lower bounds  to certain depth  2 circuits where we 
allow arbi t rary  boolean functions as gates. If  we can use arbi t rary  gates, then the 
phenomenon  which causes complexity of the circuits is information transfer instead 
of information processing in the usual approach.  Thus  this research is closely 
related to the complexity of communication network, with a prominent  example of 
superconcentrators. On the other  hand  it is also related to algebraic complexity for 
two reasons: firstly it is na tura l  to t ry  to solve such questions first in the case when 
only linear gates over GF2 are allowed; secondly some problems on communica t ion  
network can be t rea ted  as problems about  computa t ions  of some linear mappings.  

In the context  of linear circuits Valiant 's  reduct ion leads to the concept  of 
the rigidity of matrices. Valiant [10] has shown tha t  sufficiently large bounds to 
the rigidity of the matr ix  corresponding to a linear function f give nonlinear lower 
bounds  to the size of circuits of logari thmic depth.  Unfor tunate ly  the known lower 
bounds  on the rigidity of explicitly given matrices are too  small. We shall show tha t  
the known lower bounds  are, however, sufficient to prove nonlinear lower bounds  
on the size of depth  2 circuits. We shall show tha t  this can be used to reprove the 
known lower bounds  on superconcentra tors  and similar circuits of depth  2. Dolev, 
Dwork, Pippenger  and Wigderson proved nonlinear lower bounds  on the size of 
superconcentra tors  of even depths. We give a different and more general proof  which 
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gives asymptotically best values also for odd depths and uses weaker assumptions. 
This solves completely the question of the asymptotical  size of bounded depth 
superconcentrators of depth >_ 4; the remaining cases 2 and 3 will be considered in 
a forthcoming paper  with Noga Alon [1], where we determine the asymptotics for 
depth 3 and improve the lower bound for depth 2. 

These results have also the following simple algebraic interpretation: there 
are simply defined matrices which cannot be decomposed into products of sparse 
matrices, where sparse means linear number of nonzero elements. 

The paper  is organized as follows. In section 2 we introduce basic concepts. 
In section 3 we prove the lower bound for depth 2 circuits based on rigidity. In 
section 4 we prove the lower bounds for all depths > 3. 

2. A l g e b r a i c  a n d  c o m b i n a t o r i a l  p r o p e r t i e s  

Let M be a matr ix  over a field F.  We shall say that  a circuit computes the 
matrix M, if it computes the function y = X M ,  (where x and y are row vectors). 
More generally, one can consider affine mappings of the form y = x M  + a, where 
a is a constant vector, however the constant term influences the complexity of the 
circuits very little, therefore we consider only the matrices. A linear circuit over F 
is a directed acyclic graph with input nodes labeled by variables x, output  nodes 
labelled by variables y and each node which is not an input labeled by a linear 
function. The size of a graph or a circuit is the number of edges. The depth is the 
length of the longest pa th  (=number  of edges in the path).  As we are interested 
only in estimates up to a multiplicative constant, we may assume that  the graph 
of the circuit is leveled (in the obvious meaning) whenever the depth is fixed. 

We are primarily interested in boolean circuits. If we think of {0,1} as GF2, 
then boolean circuits are also algebraic circuits in a certain sense, since each boolean 
function is algebraic over GF2. However this concept is different from the usual 
definition of algebraic circuits. In the usual definition we extended the field (here 
GF2) by indeterminates x l , . . . , x n  and compute polynomials i.e. we use only the 
string of indeterminates as an input, while, say in boolean circuits, we c o m p u t e  
the values for all strings of the elements of GF2. As easily seen these two concepts 
coincide if we use only linear gates, (or if we use the ring GF2[Xl,.. . ,xn]/(xl = 
Xl,. . 2  .,xn = x2n)). In particular a linear GF2 circuit for a 0-1 matr ix  is a circuit 
with parity gates. 

It  is well-known that  in algebraic circuits multiplication does not help to 
compute linear functions. In fact, if we have an algebraic circuit computing a linear 
function which uses some polynomials as gates, then we can replace all nonlinear 
polynomials by linear ones while preserving the structure of the circuit. For boolean 
circuits it is an open problem whether nonlinear gates can reduce the size of circuits 
computing linear functions, however we know that  in general we cannot change the 
nonlinear gates to linear ones while preserving the structure of the circuit and the 
computed linear function. The counterexample is obtained using a (12, 32, 5) binary 
code and the fact that  there is no [12, 5, 5] linear code. (Take 5 input vertices, 12 
intermediate ones and 5 (12) output  vertices; on the intermediate level compute the 
code, on the output  level decode all bits in all possible ways using only 8 bits of the 
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code word.) I am indebted to Petr Savick:~ for the information about the existence 
of such a code. 

The following is a well-known fact which relates the structure of a circuit with 
the rank of the computed matrix. 

Lemma 1. (a) Let M be a matr ix  over a field F, let r = r a n k f M .  Then in any 
linear circuit for M there is no r -  1 vertex cut, hence there are r vertex disjoint 
paths from inputs to outputs. 
(b) Let M be a 0-1 matr ix  with rankGF 2 M = r. Then in any boolean circuit for l~d 
there are r vertex disjoint paths from inputs to outputs. 

Note that if we know the rank of a submatrix, then we can conclude that the 
corresponding subsets of inputs and outputs are connected. This enables us to prove 
lower bounds on the size of linear and boolean circuits using lower bounds to the 
size of communication network (=directed acyclic graphs with certain prescribed 
connections). However we have also a converse relation. 

Construction. Let  G be a directed acyclic graph with n inputs and m outputs, let 
F be an arbitrary field. Assign indetermines over F to the edges in a one-to-one 
manner. Assign the product of  the assigned values to every path in G. Finally 
assign the n x m matr ix  M to G where Mi j  is the sum of  the values of  the paths 
connecting the i -  th input with j -  th output. 

Lemma 2. Suppose that there are r vertex disjoint paths connecting the inputs 
with the outputs in G. Then r a n k F M  > r. 

Proof. Let r such paths be chosen. Assign l~s to the indeterminates on the paths 
and 0~s to the rest. After this substitution M has r l~s all in different rows and 
different columns; the remaining entries 0~s. | 

We shall interpret G with the labels as a linear circuit over the extension of 
F by the indeterminates. Let vi, i  c I ,  be the predecessors of v in G, let zi be the 
indeterminates assigned to (vi,v),  let f i  be the function computed at vi, for i E I. 
Then the function computed at v is ~ z i f i .  The following is an obvious fact. 

Lemma 3. This circuit computes M .  

Lemmas 2 and 3 show that lower bounds on the linear circuits based on rank 
can be translated to lower bounds on communication circuits. Let us consider 
the following two concepts as an example. An n-superconcentrator is a directed 
acyclic graph with n sources and n sinks such that for every k < n and every h 
element subset X of sources and every k element subset Y of sinks, there are k 
vertex disjoint paths connecting X with Y. The corresponding algebraic concept 
is an n x n matrix whose all square submatrices are regular. Thus proving lower 
bounds to superconeentrators is equivalent to proving lower bounds on circuits 
which compute such matrices. There are natural examples of such matrices, e.g. 
Vandermonde matrices with real positive entries. 

We shall use the following weakening of the concept of a matrix with all square 
matrices regular. 
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Definition. Let M be a n n •  0 < c ,  6, 1_~7~1.  We say that M i s  c, 6, 
q-densely regular or just c, 6, ~ -  DR, if for every k, with ~]n < k < n, there are 
nonempty sets of k element subsets X, Y_C [1,n] k such that for every I , j  = 1 , . . . n  

6 . P r ( i E X )  < k / n  and P r ( j E Y )  <_k/n, 

where X E ~ and Y E Y are chosen with some probability distributions and such 
that for random X c X and Y E Y the mean value of the rank of the matrix 
determined by X and Y is >_ ok. We shall say that a directed acyclie graph with 
n inputs and n outputs is e, 6, q - D R  if the matrix assigned to it (over some field 
F)  has this property, i.e. if tbr X and Y as above the mean value of the number of 
vertex disjoint paths connecting them is ok. We shall denote by D(n,d,e,&,,?) the 
minimal size of a depth d linear circuit computing some n x n c, 6, ~] - DR matrix 
over some field F. Equivalently (by Lemmas 1,2,3) D(n,d,e,6,~) is the minimal 
size of an e, 6, ~ -  DR directed acyclic graph with n inputs and n outputs and 
depth d. 

This rather complicated definition has two reasons. Firstly it enables us 
to cover several interesting classes of matrices and graphs for which nonlinear 
lower bounds on the size of bounded depth circuits can be proved. Secondly the 
parameters enable us to perform a proof of the lower bound by induction on the 
depth. To obtain nonlinear lower bounds we shall need ~-+ 0 for n--+ ~o and ~, 6 
fixed. 

We shall give several examples of interesting concepts which are covered by 
this concept. In our examples we shall have X = ~] equipped with the uniform 
probability distribution. 

The first example is an n-superconcentrator which is clearly 1 , 1 , 0 -  DR. 
Let us call a full triangular matrix any square matrix which has nonzero 

elements on the diagonal and above it and which has zeros below. A special case 
where the nonzero elements are l ' s  has been studied as the parallel prefix matrix. 

An n-shifter is:a graph with n sources u0 , . . . , un -1  and n sinks v0 , . . . ,vn-1  
such that for every 0 < k < n there are vertex disjoint paths u0 ~ vk, ul 

Vk+l(modn),..-, ~an=l --+ vk_ l(modn )- 
An n-parity sh@er is a graph with n sources uO,... ,un-1 and n sinks 

vo, . . . ,vn-1 such that for every 0 _< k < n one can remove some edges so that 
in the remaining graph there is an odd number of paths between ui and vj iff j -  
i +  k(modn). (Note that parity shifter is a generalization of shifter and that it can 
be equivalently defined as a graph which can be used to compute any shift using 
suitably chosen parity gates.) 

Proposition 1. For any  field F, (i) any full triangular n x n matrix is 1/2, i /2,  
O-DR, (ii) n-shifters and (iii) n-parity shifters are 1, 1, O-DR, (iv) Vandermonde 
matrix is 1, 1/2, O-DR. 

Proof. (i) Let T be an n x n full triangular matrix. Let 1 < k < n be given. Take 
l= kn/k]. Define X ( = Y )  as the set of sets 

{ a , a +  l ,a  + 2 l , . . . , a  + (~ - 1)l} 

where 1 < a < l. The sets in ~f are disjoint, thus (taking the uniform distribution on 
X) Pr(i C X) <_ 1-1 <_ 2k/n. It is not hard to see that the submatrix of T determined 
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by X,  Y is also a full tr iangular matr ix  or a full tr iangular matr ix  with the main 
diagonal replaced by zeros. Hence the average rank is Z k - 1 which is > k/2,  for 
k > 2 ,  and for k = l  the average rank is _> 1/2 trivially. 

(ii) Let G be an n-shifter. Let k _< n be given. Take an arbi t rary set X0 G 
{1 ,2 , . . . ,n}  of size k and put 

32 = ~ / =  {X0 + l; 1 = 0 , . . . ,  n - 1} (modulo n). 

Then Pr( i  E X) = k /n ,  and each X EoT and Y E Y are connected by k vertex disjoint 
paths. 

(iii) This argument works also for pari ty shifters we only have to show that  if 
X is a set of inputs in a pari ty shifter and Y is a shifted copy of X of outputs,  then 
there are IXI vertex disjoint paths connecting the two sets. This property follows 
from the fact that  pari ty shifters can be used to compute the shifts. 

(iv) Use the same system oT, ~ /as  in (i). Then the matr ix  determined by X E 
and Y C Y is nonsingular. | 

Another example of e, 8, q - D R  graphs are weak superconcentrators of [2] (we 
shall not define them here). 

Let us also mention the relation of the computat ion of matrices by linear 
circuits of bounded depth to the decomposition of matrices into products. Let Ci 
be a circuit for a matr ix  Mi, for i = 1 , . . . ,d .  Connect outputs of Ct  with inputs 
of C2 etc., then the circuit computes the product M = M1 • ... • M d. If C is 
a depth d leveled circuit for M, then C can be decomposed in such a way into 
depth 1 circuits; then the number of edges in the circuits is equal to the number of 
nonzero elements. Thus the matrices which cannot be computes by small circuits 
with bounded depth are those which cannot be decomposed into the product of 
sparse matrices (matrices with small number of nonzero elements). 

3. R i g i d i t y  a n d  b o u n d e d  d e p t h  c i r cu i t s  

For a matrix M we denote by IMI the number of nonzero elements of M. The 
rigidity of M is the function R F ( r )  defined by 

R ~ ( r )  = min{lAI; r a n k F ( M  + A) < r}. 

F denotes the field in question. 

Theorem 1. For every positive e there exists 8 > 0 such that for every n x n matr ix  
M over a t~eld F,  l < m l ,  m2___n, is 

n 2 
R ~ ( r )  2 c - - ,  for ml < r < m2. 

r 

then for every two matrices A, B such that M = A x t3 

[J[ + IB[ >_ 8nlog m2. 
ml  

Recall the connection with bounded depth circuits: the conclusion is equivalent 
to the statement that  every depth 2 circuit computing M with linear function as 
gates must have at least 8nlog ~ edges 
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Lemma 4. There exists an c > 0 such that for every Cl >_ c2 >_ ... >_ Cn ~ O, 1 ~ p _< 
re<n ,  i f  

?% 

2 > 1 f o r r  p , p + l , . ,  m, 
Ci - -  r 

i = T  

then 
n 

~ c i  >_ x( logm - logp). 
i = 1  

oo oo 

Since ~ i •  O(x -1 )  and ~ = ~ ( l o g x ) ,  the lemma is a consequence of the 
i = x  i = x  

following claim. 

Claim. Suppose l <_ p < m < n , Cp ~ ep-k l ~_ . . . 2 a m  ~ O , Cm§ and 
i 

n m 

2 > ~ - ~ i - 2  f o r r = p , p §  ~ c  i _ 
i = r  i = r  

Then 
7~ ?Tb 

> i -1  ( , )  
i----p i = p  

Proof. We shall use induction on the number of intervals [a, v] such that  p ~ a < b < 

Ca_>a - 1 , c i < i  -1 ,  f o r i = a + l , . . . , b ,  

and either b = m ,  or %+1 >-(b§  -1.  
(i) If there is no such interval~ then ci >_ i - ] ,  for i = p , p §  1 , . . . , m ,  hence (*) 

holds true. 
(ii) Suppose that  claim holds for all sequences with k such intervals and let 

C n { i}i=l be a sequence with k § 1 such intervals. Let [a,b] be the last interval with 
n this property, thus ci >_i -1  for i = b §  ,m, or b = m .  Let {di}i=p be the sequence 

obtained from { z } i = p  using the following operations: 

take a pair u, v such that a § l < u < b < v < n and increase cu to u -1 or to a 
smaller value by decreasing by the same value cv to v -1 or a larger value if  v < m ,  
or to 0 or a larger value if  v > m. 

More precisely it means that  for v < m we do the following: 
if u - l - c u  < c v - v  -1 ,  then we replace cu by u -1 and cv by c v - ( u - l - C u )  and 
if  u - 1 - c u > c v - v  -1,  then we replace cv by v -1 and cu by Cu §  

and for v > m 
i f  u - 1 - c u  <cv,  then we replace Cu by u -1 and cv by c v - ( u  - 1 - c u )  and 
if u -1 - c u > c v ,  then we replace cv by 0 and cu by c u §  

Let / n {ai}i= p be obtained by such an elementary operation. Then 

(1) ' Ci-~C i for i = p , . . . , a ,  
(2) c~>i -1 for i = b +  l~ . . . ,m ,  



C O M M U N I C A T I O N  IN B O U N D E D  D E P T H  C I R C U I T S  209 

n n 

(3) E E 
i=a + l i=a-H 

n n 

(c ~ ] 2 2>  ~-2~ iJ , for r=p,  .,a. (4) E Q - .. 
i=r  i=r  

The last fact follows easily from cu >_ Cv. Repeat  these elementary operations while 
d n it is possible; let { i}i=p be the resulting sequence. This means that  either 

(5) di=i  -1, for all a+ l <_i~b, 
o r  

(6) for some i, a + l < i < b ,  d i < i  -1 and d j = j  -1, for all j = b + l , . . . , m  and 
dj=O for all j = m +  l , . . . , n .  

The second case is, however, not possible, since then we would have 
n 

E di = E ci, 
i = a + l  i = a + l  

m n m m 

i-~a-~l i = a + l  i=a+ 1 i=a-~l 

but di <_ i -1,  for i = a +  1, . . . ,  m, and some di < i -1,  which would be a contradiction. 
d The sequence { i } i =  p s a t i s f i e s  the assumptions of the claim, since the inequality 

n m 

i-=r i=r  

for r = p , p + l , . . .  , a + l ,  follows from (4), and for r = a + 2 , . . .  ,m, it follows from the 
d n fact that  di >_ i -1 for i =  a + 1 , . . . , n ,  which is a consequence of (2) for { i}i=p, and 

d" n (5). Since { ~}i=p has one interval [a, b] less, we can apply the induction assumption 
to it, and thus we get 

n n m 

_> E . i  > E i - I  
i=p i=p i=p 

This finishes the proof of the claim and thus also of the lemma. | 

P roof  of Theorem 1. Suppose M = A • B, i.e. M(i , j )  = E A ( i , l ) B ( l , j ) .  If we 
1 

replace the entries in the l-th column of A by zeros (or the entries of the l-th row of 
B by zeros), then the resulting product  will differ from M in at most albl entries, 
where a l (resp. bl) is the number of nonzero elements in the l-th column of A (resp. 
l-th row of B). Let l l , . . . , l rn  be a permutat ion of indices such that  

al 1 + bl 1 >_... ~ al m + bl,~. 

If  we set all columns Ir+l, . . . lm in A (or all rows l r+l , . . . , lm in B to zero), then 
the product will have rank at most r. Thus, by the assumption about  the rigidity 
of M 

m ~t 2 

E al~bli > _ c - -  f o r  m l  ~ r  ~ m 2 .  
T 

i = r + l  
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Since (al~ + bl~)2/2 _> al~ bl~, we can apply Lemma 4 with ci = (al~ + bl~)/n. Thus we 
obtain 

IAI + IBI = ~ ( %  + bz~) = ~2(n(logm2 - loam1))  = fl n log . | 

The simple property of having all square submatrices regular implies the bound on 
the rigidity needed in the theorem. The following generalizes this observation. 

Theorem 2. For every c, 6 positive, there exists a positive a such that  for any field 
F every ~;, 0 < ~l <_ 1, and any n x n matr ix  M which is c, 6, ~ -  D R ,  

?7 2 

r 

Proof. Let curt~2 < r < ca~2 be given. Take/c = g2r/c]. Let Z_C {1, . . . ,  n}•  
be a minimal set of positions to be changed in M in order to reduce the rank to r. 
Let X,  :Y be the sets for k. Then 

k2 
Pr((i,j) E X x Y) _< 62n2. 

Let z be the random variable ] Z N ( X  • Y)].  Then 

/c 2 
Ez = ~ Pr((<j)  ~ X x Y) < IZl62~ 2 

(<j)~z 

On the other hand Ez  _ r, since the mean value of the rank of the square submatr ix  
determined by X,  Y is >_ ss _> 2r, and at least r changes are necessary to reduce 
the rank from 2r to r. Hence 

k2 
s _< IZ162n2. 

(~2rn 2 a262n 2 | 
IZl > ~ > 7---;-- 

The simplest matr ix  for which we thus obtain a lower bound ~ ( a 2 / r )  to the 
rigidity is the parallel prefix matrix. For this matr ix  the exact value has been 
determined in [7]. 

Corollary 1. For every positive e, 5 and every r << n 

D(n, 2, s, 6, !) = ~(nlogr). 

Proof. By Theorems 1 and 2. | 

We do not know if the rigidity of ~ (n2 / r )  implies nonlinear lower bounds for 
circuits of depth larger than 2. The next proposition shows that  a larger lower 
bound would do it (unfortunately we cannot prove such a bound for any explicit 
matrix).  
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Proposit ion 2. Let F be a field and M an n x m  matrix. Suppose M =  Ai  x . . .  x A  d. 
Then for every r 

1 

Thus we get a nonlinear bound, i f  for some e > 0  and c~(n)~oc,  R ~ ( e n )  >_n.c~(n). 

Proof. Consider the circuit for M given by M = A 1  x . . .  x Ad, let S be its size ( S =  
IA~I+. . .+lAdl) .  Let r be given. There are at most r vertices in the directed graph 
of the circuit with outdegree _> S /R .  Let N be the n x m matr ix  where N ( i , j )  is 
the sum of products of elements corresponding to the paths from i to j which hit 
at least one vertex with outdegree _> Sir .  Thus rank(N)  _< r. Let K = M -  N,  thus 
K is determined by paths which go only through vertices with outdegree < S/r .  As 
there are less than (S/r)  d such paths, we have IKI < n(S / r )  d. On the other hand 
IKI >_ R ~ ( r ) ,  whence the inequality follows. | 

4. A lower  b o u n d  for  d e p t h  > 3 

We shall show that  the ~, 5, ~7-DR property implies nonlinear size of bounded 
depth circuits (and graphs) if c, 5 > 0  are fixed and V--~0 as n--~oc. 

Definition. Let f be a function defined on nonnegative integers such that  f ( n ) <  n 
for n > 0. We shall denote by f* the function defined by: 

i f ( n )  = min{i; f ( i ) (n)  <_ 1}, 

where (i) denotes / - t imes  iteration. We define 

/ \ l ( n )  = [log2 nl,  

,Xi+l = A~. 

(Pippenger [4] uses log *'' '**(i-1) n for hi.) 

Theorem 3. Let r ~ > 0 be fixed. 
(i) for every positive integers n and r <_ n, 

D(n,  3, 5, 5, l / r )  = ~ (n  log log r); 

(ii) for every fixed d ~ 2, and every positive integers n and r < n, 

D(n,  2d, c, 5, I /r) = ~2(nAd(r)) , 

D(n, 2d + 1, c, 5, i / r )  = f~(nAd(r)). 

We shall use the following auxiliary functions: 

~o(O) = ~0(1);  ~o(n)  = L~l/2J for n > 1; 

~ i + 1  = t~i- 

We shall show lower bounds f~(nnd(r)) for depth 2d+1 and d >  1, and lower bounds 
f~(nAd(r)) for depth 2d and d > 2. Then we shah use the fact that  a l  ( r ) ~  log 2 log 2 r 
and rid(r) ~ Ad(r ) for d > 2 ( f  ~ g denotes f = O(g) and g = O(f ) ) .  First we need 
some general properties of slowly growing functions by iteration. 
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Lemma 5. Suppose f(O) - f(1)  = 0 and f(n) << knl/2j, for every n > 1. Then for 
every n > O: 

f*(n) <_ f (n)  _< Lnl/2J; (i) 

f(i)(n) 
> f(i+l)(n) for every i > 0, provided the denominator is not 0; (ii) 

f(i+l)(n) 

f(i)(n) > f*(n)/2 s every i < f*(n)/2. (iii) 

Proof. (i) Clearly f*(0) = 0  < f(0). Let n>_ 0, and suppose (i) holds for all m _< 
n. If f ( n + l )  <_ 1 then f * ( n + l ) - 0 _ < f ( n + l ) .  Hence assume f ( n + l )  > 1. Since 
f (n  + 1) <_ L(n + 11/2j < n + 1, we have 

f * (n+ 1) = f * ( f ( n +  1)) + 1 <_ f ( f ( n  + 1)) + 1 _< Lf(n+ 1)1/2j + 1 < f ( n +  1). 

(ii) 

f(i)(n) > f(i)(n) > f(i)(n)x/2 > f(i+l)(n). 
f(i+X)(n) - L f(  i)(T~)l/2j - -  

(iii) Using the assumption f (m) <_ Lml/2J we get 

f(n) > f ( 2 ) ( n )  > . . .  > f ( f * ( n ) ) ( n ) .  

Since the values of f are integers the gaps are at least 1. Thus we have (iii). | 

Lemma 6. Suppose for some e > 0 and every n >_ 0 

~f(n) <_ g(n) ___ f (n)  _< Lnl/2j. 

Then for some 5 > 0 and every n _> 0 

6f* (n) <_ 9" (n) < f* (n). 

Proof. Let no be such that for all n > no 

f(n) <_ Lnl/2J <_ en. 

Hence if f(n) > no, then 

I f (n)  <_ r <_ 9(n). 
Thus f* (n) _< 2g* (n) + no, which implies 8f* (n) _< g* (n) for some s The inequality 
g* (n) < f* (n) is obvious. II 

Lemma 7. n l (n)~log21og2n and ~d(n),,~Ad(n) for d>2 .  

Proof. For the first relation we have for n > 2 ,  

~log 2 log 2 nJ + 1 = ~1 ( 22 Llog2 log2 nJ ) _< 

/~1 (?~) ~ /~1 ( 22 Llog2 log2 ~3 +1) = Llog2 log2 nj + 2. 
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This implies that  ~2 ( n ) ~  A2(n), which implies the second relation by Lemma 6. | 

Lemma 8. D(n, 1, c, 6,1/r) > ~62 ~"  e~ 2 nrl/2 _T~1~-- 

Proof. Let s be the size of a graph with n inputs and n outputs having ~, 6, 
1 ~ r - D R  property. Let X , / / b e  some sets of subsets of cardinality k =  [n/r] given 
by the definition of c, 5, 1 / r -  D R  property. Let e be an edge of the graph. The 
probability that  the endpoints of e are in random X E .IF and Y E / /  is at most 
(k/Sn) 2, hence the mean value of the number of edges between X and Y is at most 
s(k/Sn) 2. By the property of the graph we know that  this number is larger or equal 
to ok, whence the bound. | 

Lemma 9. Let f (n)  < [nl/2j ,  for every n > O. Then for every a, 5, r positive reals 
there exists a positive real/~ such that if 

V n V n  D(n,d,E/2,  f, 1/r) > anf (r ) ,  (a) 

then 
V n V r  < s D(n ,d  + 2, c,6,1/r)  > /~nf*(r). (b) 

Proof. Suppose (a) holds true. Let C be a graph with n inputs and n outputs with 
depth d + 2  and with ~/2, 6, l / r - D R  property. Let V/, i = 0 , 1 , . . . , d + 2 ,  be the 
levels of C. Put  

A0 = {v 6 V1 U Vd+l; deg(v) > f ( r )} ;  

A i = {v c V1 U Vd+l; f(i+l)(r) < deg(v) < f(i)(r)},  for i > 0. 

Claim. For every i, a < i < f*(r) /2  - 3 at least one of the following inequalities 
holds: 

E n 
tA0 U . . .  U Ai- l l  _> ~" f ( i+ l ) ( r  ) , (1) 

c6 I{(u, v); (u, v) incident with A~ u Ai+l u Ai+2}l _> -{n; (2) 

f(i+2)(r) 
[{(u, v); (u, v) not incident with A0 U . . .  U Ai+2}] _> anf(i+3)(r  ) �9 (3) 

P roof  of the claim. Let i be given. Suppose neither (1) nor (2) is true; we shall 
prove (3). Let k be an arbitrary integer such that  n/ f ( i+l)  (r) < k < n. Let X, Y be 
random subsets of inputs, resp. outputs, of cardinality k (from the appropriate 
and ~/). In the average there are at least sk vertex disjoint paths connecting them. 

n < ~.k paths through AoU. .UAi_ l  by non Out of these there are at most ~ f ( i ~ - f ) ( r  ) _ 

(1), and there are at most ~. k paths through Ai UAi+I UAi+2 in the the average 
by non (2), since the mean value of the number of vertices of X U Y  connected with 

Ai UAi+IUAi+2 is less than k__.~Sn 4 .n= -.[k.. Thus in the average at least [ k  such 
paths avoid Ao U.. .  U Ai U Ai+l U Ai+2. Now we shall transform C into a depth d 
graph C :  first omit the vertices of V1 and Vd+l, then for each pair of edges (u,v), 
(v,w) where v C Ai+3UAi+4U. . .  add the edge (u,w). Thus the size of C t is at 



214 P. PUDL.&K 

most f(i+3) @)-times larger than the size of C, since f(i+3)(r) is an upper bound 
on the degrees of vertices in Ai+auAi+4U .... Above we have shown C' is e/2, 6, 
1/ f  (i+i) ( r ) -  DR, Thus by the assumption of the lemma C ' has size at least 

Hence 

D(n, d, c/2, 6, (f(i+l)(~))--1 ~__ (~nf(f(i+l)(r)) = ~n f  (i+2) (r). 

IC'l c~nf(i+2)(r) 
ICI -> f(i+3)(r) -> f(i+3)(r) 

The last two inequalities follow by (ii) and (iii) of Lemma 5. | 

Now we finish the proof of the lemma. We consider three cases corresponding 
to the conditions of the claim. 

Case 1. For some i <_ f*(r)/2-3 we have (1). Then, since each vertex in AoU...UAi-1 
has degree at least f({)(r), 

n e f(i+l)  e 
[C I > ~. f(i+l)(r ) �9 f(i)(r) > -~ .n. (r) > ~. f*(r). 

Case 2. for all i<<_f*(r)/2-3 we have (2). Then 

1 ( f ~ r )  ) c 6 = 9 ( n . f  , ICl>_ - 3 E (r)), 

Case 3. for some i<_f*(r)/2-3 we have (3). Then 

ICI > f(i+2)(r) > ~nf(i+3)(r) > ~nf*(r).  
_ c ~ n  f ( i + 3 )  ( r )  - A 

Proof of Theorem 3 follows from Corollary 1, Lemmas 7, 8 and 9. 

5. App l i ca t i ons  a n d  o p e n  p r o b l e m s  

We shall state explicitly some applications of the lower bounds of Corollary 1 
and Theorem 3 and mention related open problems. 

By our results we get the following lower bounds to the bounded depth su- 
perconcentrators: f t(nlogn) for depth 2; f t(nloglogn) for depth 3; f~(nAd(n)) for 
depth 2d and 2d+l ,  d_>2. The same lower bound for depth 2 has been proved in [3] 
where also an upper bound O(nlog 2 n) is proved. In [1] we shall prove ft(nlog 3/2 n) 
for depth 2. This shows a gap between week superconeentration properties (e.g. 
parallel prefix computations) and usual supereoneentrators. A more direct proof 
of f~(nloglogn) for depth 3 (based on the same idea) and an upper bound of the 
same growth is shown in [1]. Lower bounds f~(nAd(n)) (using a different proof) 
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and upper bounds O(nAd(n)) have been shown in [2] for depth 2d. Since an upper 
bound for depth 2d is also an upper bound for depth 2d+  1, our lower bound for 
odd depths _> 5 is optimal. Thus the only open problem is to determine the size of 
depth 2 superconcentrators. 

Next we consider boolean circuits computing the parallel prefix matrix. We 
get the same lower bounds as for superconcentrators: f~(nlogn) for depth 2; 
f~(nloglogn) for depth 3; f~(nAd(n)) for depth 2d and 2 d + l ,  d>_ 2. (Proof-sketch: 
By Proposition 1, the n x n parallel prefix matrix is 1/2, 1/2, 0 -  DR. Let C be a 
boolean circuit for the matrix, let G be the underlying graph of C. By Lemma l(b),  
G is 1/2, 1/2, 0 - D R ,  hence we can apply Corollary 1 and Theorem 3.) On the 
other hand it is not difficult to construct linear circuits for the parallel prefix ma- 
trix of sizes O(nlogn), O(nloglogn), O(nAd(n)) respectively. Thus we get optimal 
bounds for all depths. These are the best lower bounds for explicitly defined 0-1 
matrices even if we consider linear circuits over arbitrary fields. For matrices with 
large elements Shoup and Smolensky [9] have shown a bound f~(nl+l/d) for depth d. 
For nonlinear boolean functions we can get a little bit for more for depth 2 boolean 
circuits with arbitrary gates using the lower bounds on depth 2 superconcentrators. 
Namely it is quite easy to design a boolean function with O(n) input and output 
variables such that any circuit computing the function is an n-superconcentrator. 

For shifters our bounds (f / (nlogn) for depth 2; f t (nloglogn)  for depth 3; 
t2(nAd(n)) for depth 2d and 2 d + l ,  d>_ 2) are rather small. The size of the smallest 
depth dn-shifters is ~ n 1+1/d [5]. It is possible that  this is also the minimal size 
of parity shifters, but we only have the weak lower bounds presented above. The 
possibility of applying such methods to shifting circuits was first discovered in [6]. 

Superconcentrators failed to produce nonlinear lower bounds to bounded fan- 
in and O(logn) depth circuits but it is still possible that  this long-standing problem 
can be solved using, for instance, circuits computing shifts. Therefore we propose 
to study graphs such as the parity shifters. 
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