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We show that rigidity of matrices can be used to prove lower bounds on depth 2 circuits
and communication graphs. We prove a general nonlinear bound on a certain type of circuits and
thus, in particular, we determine the asymptotic size of depth d superconcentrators for all depths
>4 (for even depths >4 it has been determined before).

1. Introduction

This research is motivated by the problem of proving nonlinear lower bounds
for circuits computing explicitly given boolean functions f: {0,1}" — {0,1}". An
important result of Valiant [10] reduces this problem (with an additional condition
of depth O(logn)) to proving lower bounds to certain depth 2 circuits where we
allow arbitrary boolean functions as gates. If we can use arbitrary gates, then the
phenomenon which causes complexity of the circuits is information transfer instead
of information processing in the usual approach. Thus this research is closely
related to the complezity of communication network, with a prominent example of
superconcentrators. On the other hand it is also related to algebraic complezity for
two reasons: firstly it is natural to try to solve such questions first in the case when
only linear gates over GF%5 are allowed; secondly some problems on communication
network can be treated as problems about computations of some linear mappings.

In the context of linear circuits Valiant’s reduction leads to the concept of
the rigidity of matrices. Valiant [10] has shown that sufficiently large bounds to
the rigidity of the matrix corresponding to a linear function f give nonlinear lower
bounds to the size of circuits of logarithmic depth. Unfortunately the known lower
bounds on the rigidity of explicitly given matrices are too small. We shall show that
the known lower bounds are, however, sufficient to prove nonlinear lower bounds
on the size of depth 2 circuits. We shall show that this can be used to reprove the
known lower bounds on superconcentrators and similar circuits of depth 2. Dolev,
Dwork, Pippenger and Wigderson proved nonlinear lower bounds on the size of
superconcentrators of even depths. We give a different and more general proof which
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gives asymptotically best values also for odd depths and uses weaker assumptions.
This solves completely the question of the asymptotical size of bounded depth
superconcentrators of depth >4; the remaining cases 2 and 3 will be considered in
a forthcoming paper with Noga Alon [1], where we determine the asymptotics for
depth 3 and improve the lower bound for depth 2.

These results have also the following simple algebraic interpretation: there
are simply defined matrices which cannot be decomposed into products of sparse
matrices, where sparse means linear number of nonzero elements.

The paper is organized as follows. In section 2 we introduce basic concepts.
In section 3 we prove the lower bound for depth 2 circuits based on rigidity. In
section 4 we prove the lower bounds for all depths > 3.

2. Algebraic and combinatorial properties

Let M be a matrix over a field F'. We shall say that a circuit computes the
matriz M, if it computes the function y =xM, (where x and y are row vectors).
More generally, one can consider affine mappings of the form y =xM + a, where
a is a constant vector, however the constant term influences the complexity of the
circuits very little, therefore we consider only the matrices. A linear circuit over I
is a directed acyclic graph with input nodes labeled by variables x, output nodes
labelled by variables y and each node which is not an input labeled by a linear
function. The size of a graph or a circuit is the number of edges. The depth is the
length of the longest path (=number of edges in the path). As we are interested
only in estimates up to a multiplicative constant, we may assume that the graph
of the circuit is leveled (in the obvious meaning) whenever the depth is fixed.

We are primarily interested in boolean circuits. If we think of {0,1} as GFy,
then boolean circuits are also algebraic circuits in a certain sense, since each boolean
function is algebraic over GFy. However this concept is different from the usual
definition of algebraic circuits. In the usual definition we extended the field (here
G'Fy) by indeterminates z1,...,2n and compute polynomicls i.e. we use only the
string of indeterminates as an input, while, say in boolean circuits, we compute
the values for all strings of the elements of GF5. As easily seen these two concepts
coincide if we use only linear gates, {or if we use the ring GFy[z1,...,zn]/ (21 =
z3,...,2, = 22)). In particular a linear GF; circuit for a 0-1 matrix is a circuit
with parity gates.

It is well-known that in algebraic circuits multiplication does not help to
compute linear functions. In fact, if we have an algebraic circuit computing a linear
function which uses some polynomials as gates, then we can replace all nonlinear
polynomials by linear ones while preserving the structure of the circuit. For boolean
circuits it is an open problem whether nonlinear gates can reduce the size of circuits
computing linear functions, however we know that in general we cannot change the
nonlinear gates to linear ones while preserving the structure of the circuit and the
computed linear function. The counterexample is obtained using a (12, 32, 5) binary
code and the fact that there is no {12, 5, 5] linear code. (Take 5 input vertices, 12
intermediate ones and 5(142) output vertices; on the intermediate level compute the
code, on the output level decode all bits in all possible ways using only 8 bits of the
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code word.) I am indebted to Petr Savicky for the information about the existence
of such a code. '

The following is a well-known fact which relates the structure of a circuit with
the rank of the computed matrix.

Lemma 1. (a) Let M be a matrix over a field F, let r = rank;M. Then in any
linear circuit for M there is no r — 1 vertex cut, hence there are r vertex disjoint
paths from inputs to outputs.

(b) Let M be a 0-1 matrix with rankgp, M =r. Then in any boolean circuit for M
there are r vertex disjoint paths from inputs to outputs.

Note that if we know the rank of a submatriz, then we can conclude that the
corresponding subsets of inputs and outputs are connected. This enables us to prove
lower bounds on the size of linear and boolean circuits using lower bounds to the
size of communication network (=directed acyclic graphs with certain prescribed
connections). However we have also a converse relation.

Construction. Let G be a directed acyclic graph with n inputs and m outputs, let
F' be an arbitrary field. Assign indetermines over F' to the edges in a one-to-one
manner. Assign the product of the assigned values to every path in G. Finally
assign the n x m matrix M to G where M;; is the sum of the values of the paths
connecting the i —th input with j—th output.

Lemma 2. Suppose that there are r vertex disjoint paths connecting the inputs
with the outputs in G. Then rankpM >1r.

Proof. Let r such paths be chosen. Assign 1’s to the indeterminates on the paths
and 0's to the rest. After this substitution M has r 1’s all in different rows and
different columns; the remaining entries 0's. [ |

We shall interpret G with the labels as a linear circuit over the extension of
F by the indeterminates. Let v;,i€ I, be the predecessors of v in G, let z; be the
indeterminates assigned to (v;,v), let f; be the function computed at v;, for i € 1.
Then the function computed at v is > z; f;. The following is an obvious fact.

Lemma 3. This circuit computes M.

Lemmas 2 and 3 show that lower bounds on the linear circuits based on rank
can be translated to lower bounds on communication circuits. Let us consider
the following two concepts as an example. An n-superconcentrator is a directed
acyclic graph with n sources and n sinks such that for every & <n and every k
element subset X of sources and every k element subset Y of sinks, there are &
vertex disjoint paths connecting X with Y. The corresponding algebraic concept
is an n x n matrix whose all square submatrices are regular. Thus proving lower
bounds to superconcentrators is equivalent to proving lower bounds on circuits
which compute such matrices. There are natural examples of such matrices, e.g.
Vandermonde matrices with real positive entries.

We shall use the following weakening of the concept of a matrix with all square
matrices regular.
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Definition. Let M be an n xn matrix, 0<e, §, 1 <n<1. We say that M is ¢, 6,
n-densely regular or just €, §, n— DR, if for every k, with nn <k <n, there are
nonempty sets of k element subsets X', ¥ C[1,n}* such that for every I,5=1,...,n

0Pri e X)<k/n and Pr(jeY)<k/n,

where X € X and Y € ¥ are chosen with some probability distributions and such
that for random X € X and Y € Y the mean value of the rank of the matrix
determined by X and Y is >¢ck. We shall say that a directed acyclic graph with
n inputs and n outputs is €, §, n—~ DR if the matrix assigned to it (ovér some field
F) has this property, i.e. if for X and Y as above the mean value of the number of
vertex disjoint paths connecting them is ¢k. We shall denote by D(n,d,e,8,n) the
minimal size of a depth d linear circuit computing some nxn ¢, §, n— DR matrix
over some field F. Equivalently (by Lemmas 1,2,3) D(n,d,e,6,n) is the minimal
size of an &, §, n— DR directed acyclic graph with n inputs and n outputs and
depth d.

This rather complicated definition has two reasons. Firstly it enables us
to cover several interesting classes of matrices and graphs for which nonlinear
lower bounds on the size of bounded depth circuits can be proved. Secondly the
parameters enable us to perform a proof of the lower bound by induction on the
depth. To obtain nonlinear lower bounds we shall need 7—0 for n—oco and ¢, §
fixed. :

We shall give several examples of interesting concepts which are covered by
this concept. In our examples we shall have X = ¥ equipped with the uniform
probability distribution.

The first example is an n-superconcentrator which is clearly 1,1,0~ DR.

Let us call a full triangular matriz any square matrix which has nonzero
elements on the diagonal and above it and which has zeros below. A special case
where the nonzero elements are 1’s has been studied as the parallel prefix matriz.

An n-shifter is-a graph with n sources ug,...,u4n—1 and n sinks vg,...,vp-1
such that for every' 0 < k < n there are vertex disjoint paths uwy — v, u; —
Ve+1(modn)> -+ ¥n=1"Y,_1(modn)

An n-parity shifter is a graph with n sources up,...,up—1 and n sinks
vQ,---,Un—1 such that for every 0 < k < n one can remove some edges so that
in the remaining graph there is an odd number of paths between u; and v; f j=
i+k(modn). (Note that parity shifter is a generalization of shifter and that it can
be equivalently defined as a graph which can be used to compute any shift using
suitably chosen parity gates.)

Proposition 1. For any field F', (1) any full triangular n x n matrix is 1/2, 1/2,
0-DR, (ii) n-shifters and (iii) n-parity shifters are 1, 1, 0-DR, (iv) Vandermonde
matrix is 1, 1/2, 0-DR.
Proof. (i) Let 7' be an n xn full triangular matrix. Let 1 <k <mn be given. Take
I=|n/k|. Define X'(=¥Y) as the set of sets

{a,a+la+2l,...;0+ (k- 1)}

where 1<a<!. The sets in I are disjoint, thus (taking the uniform distribution on
X) Pr(i€ X) <17t <2k/n. It is not hard to see that the submatrix of 7 determined
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by X, Y is also a full triangular matrix or a full triangular matrix with the main
diagonal replaced by zeros. Hence the average rank is >k —~1 which is > k/2, for
k>2, and for k=1 the average rank is >1/2 trivially.

(ii) Let G be an n-shifter. Let £ <n be given. Take an arbitrary set Xg C
{1,2,...,n} of size k& and put

X=Y={Xo+1;1=0,...,n—1} (modulo n).

Then Pr(i€ X)=k/n, and each X €’ and Y € ¥ are connected by k vertex disjoint
paths.

(iii) This argument works also for parity shifters we only have to show that if
X is a set of inputs in a parity shifter and Y is a shifted copy of X of outputs, then
there are | X| vertex disjoint paths connecting the two sets. This property follows
from the fact that parity shifters can be used to compute the shifts.

(iv) Use the same system X, ¥ as in (i). Then the matrix determined by X €
X and Y €V is nonsingular. i

Another example of €, §, n— DR graphs are weak superconcentrators of [2] (we
shall not define them here).

Let us also mention the relation of the computation of matrices by linear
circuits of bounded depth to the decomposition of matrices into products. Let Cj
be a circuit for a matrix M;, for i=1,...,d. Connect outputs of C7 with inputs
of Cy etc., then the circuit computes the product M = My x ... x My. If C is
a depth d leveled circuit for M, then C' can be decomposed in such a way into
depth 1 circuits; then the number of edges in the circuits is equal to the number of
nonzero elements. Thus the matrices which cannot be computes by small circuits
with bounded depth are those which cannot be decomposed into the product of
sparse matrices (matrices with small number of nonzero elements).

3. Rigidity and bounded depth circuits

For a matrix M we denote by |M| the number of nonzero elements of M. The
rigidity of M is the function R]\F/I(r) defined by
RJI\':[(T) = min{|A|; rankp(M + A) < r}.
F denotes the field in question.

Theorem 1. For every positive € there exists § >0 such that for every nxn matrix
M over a field ', 1<my, mgo<n, if
F n?
Rys(r) > e—, formy <r < mag.
T
then for every two matrices A, B such that M=Ax B

|A] + |B| > 6nlog 22,
mi
Recall the connection with bounded depth circuits: the conclusion is equivalent

to the statement that every depth 2 circuit computing M with linear function as
gates must have at least énlog % edges
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Lemma 4. There exists an € >0 such that for every ¢1 > >...2¢, 20, 1<p<
m<n, if

- 1
ch > p forr=p,p+1,....,m,
=7
then
n
Zcz- > e(logm — log p).
=1

X0 o0
Since . i72=0(z"") and Y =Q(logz), the lemma is a consequence of the

1= 1=
following claim.

Claim. Suppose 1<p<m<n, cp>cCpti1>..-26m >0, Cpt1,---,¢n >0, and

n m '
ZC% > Zi_2, forr=p,p+1,...,m.
i=r i=r

Then
el m
Z i 2 Zi_l- (%)
1=p i=p

Proof. We shall use induction on the number of intervals [a,v] such that p<a<b<
m’
ca>a Vg <iTh fori=a+1,...,b,
and either b=m, or ¢, 1 > (b+1)71.
(i) If there is no such interval, then ¢; >47!, for i=p,p+1,...,m, hence (*)
holds true.

(i) Suppose that claim holds for all sequences with k such intervals and let

{c;}; be a sequence with k+1 such intervals. Let [a,b] be the last interval with
n

this property, thus ¢; >4t for i=b+1,...,m, or b=m. Let {d;}"

1=p
obtained from {¢; ?:p using the following operations:

take a pair u, v such that a+1<u<b<v<n and increase ¢y to u™* or to a
smaller value by decreasing by the same value ¢y, to v~Y or a larger value if v<m,
or to 0 or a larger value if v>m.

be the sequence

1

More precisely it means that for v <m we do the following:
ifut—cy<cy—vl, then we replace cy by u™L and ¢y by v — (w1 —cy) and
iful—cy>co—v™L, then we replace ¢, by v ! and ¢y by cy+(cy —o71);
and for v>m
if u=l — ¢, <cy, then we replace ¢, by u~! and ¢, by ¢y~ (v —¢y,) and
if u™Y —cy > ¢y, then we replace ¢y by 0 and ¢y, by cy+cy.
Let {c; ?:p be obtained by such an elementary operation. Then

-1

1) d=¢; fori=p,...,a,
k3
(2) cgzi“l for i=b+1,...,m,
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(3) i ci= i Cis

i=a+1 i=a+1
n n
4) X 2> 2(02)2, for r=p,...,a.
1=7 =7

The last fact follows easily from ¢, > ¢,,. Repeat these elementary operations while
it is possible; let {di}?:p be the resulting sequence. This means that either

(5) dy=i"1, for all a+1<i<b,
or

(6) for some i, a+1<i<b, d; <i~! and d; =471 forall j=b+1,...,m and
d;=0 for all j=m+1,...,n.

The second case 1s, however, not possible, since then we would have

n n
Z dZ: Z Cis

i=a+1 i=a+1
m i3 m m
2 2 2 .—2
dodi= D g Y gd> ) i
itat+1 i=a+1 i=a+1 i=a+1

but d; <i~ 1, for i=a+ 1,...,m, and some d; <31, which would be a contradiction.
The sequence {di}?zp satisfies the assumptions of the claim, since the inequality

n m
dodizD i
i=r i=r

for r=p,p+1,...,a+1, follows from (4), and for r=a+2,...,m, it follows from the
fact that d; >i~! for i=a+1,...,n, which is a consequence of (2) for {di}?zp, and
(5). Since {di}?zp has one interval [a,b] less, we can apply the induction assumption
to it, and thus we get

n n m

DN EDN
i=p i=p i=p

This finishes the proof of the claim and thus also of the lemma. 1

Proof of Theorem 1. Suppose M = A x B, i.e. M(i,5) =3 A(:,1)B(l,7). If we
{

replace the entries in the I-th column of A by zeros (or the entries of the I-th row of
B by zeros), then the resulting product will differ from M in at most a;b; entries,
where a; (resp. b;) is the number of nonzero elements in the I-th column of A (resp.
{-th row of B). Let ly,...,l;n be a permutation of indices such that

all—i—bll Z...Zalm—l-blm.

If we set all columns I, y1,...l, in A (or all rows lp41,...,lm In B to zero), then
the product will have rank at most r. Thus, by the assumption about the rigidity
of M

m TL2
E ap, by, > e— for my <r <mg.
i=r+1 T
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Since (ay, +bli)2/2 >ay,by;, we can apply Lemma 4 with ¢; =(a, +b;,)/n. Thus we
obtain

m
(Al +1B] =Y (aj; +by,) = An(logmg — logmy)) = 2 (nlog ;i) : |
The simple property of having all square submatrices regular implies the bound on
the rigidity needed in the theorem. The following generalizes this observation.

Theorem 2. For every ¢, 6 positive, there exists a positive « such that for any field
F every n, 0<n<1, and any n xn matrix M which ise, 6, n— DR,

2
Rf,[(r) > anT, foremn/2 <r <en/2.

Proof. Let enn/2<r <en/2 be given. Take k=[2r/e]. Let ZC{1,...,n}x{1,...,n}
be a minimal set of positions to be changed in M in order to reduce the rank to 7.
Let X', ¥ be the sets for k. Then

2

PI'((Z,]) € X x Y) < W.

Let z be the random variable |Z M (X x Y)|. Then

. ke

Ez= Y Pr(i,j)eXxY)< 2l 555
(i.)ez

On the other hand Ez>r, since the mean value of the rank of the square submatrix

determined by X, Y is > ek > 2r, and at least r changes are necessary to reduce

the rank from 27 to r. Hence

k2
r < |le- .
§2rm? _ £262p2
> > ——
=120z k=

The simplest matrix for which we thus obtain a lower bound Q(n?/r) to the
rigidity is the parallel prefix matrix. For this matrix the exact value has been
determined in [7].

Corollary 1. For every positive €, 6 and every r<n

D(n,2,¢,0, %) = Q(nlogr).

Proof. By Theorems 1 and 2. 1

We do not know if the rigidity of Q(n?/r) implies nonlinear lower bounds for
circuits of depth larger than 2. The next proposition shows that a larger lower
bound would do it (unfortunately we cannot prove such a bound for any explicit
matrix).
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Proposition 2. Let F be a field and M an nxm matrix. Suppose M =Aj x...xAy.

Then for every r
1
RF d
|AL] + ...+ |Ag] > 7 <—Mn(—r)>

Thus we get a nonlinear bound, if for some £ >0 and a(n)— o, RE;(en) >n.a(n).

Proof. Consider the circuit for M given by M =Aj x...x Ay, let S bé its size (S=
|[A1]|+...+|Ag|)- Let r be given. There are at most r vertices in the directed graph
of the circuit with outdegree > S/R. Let N be the n x m matrix where N(i,7) is
the sum of products of elements corresponding to the paths from ¢ to j which hit
at least one vertex with outdegree >S/r. Thus rank(N)<r. Let K=M — N, thus
K is determined by paths which go only through vertices with outdegree <.S/r. As

there are less than (S/r)?% such paths, we have |K| <n(S/r)%. On the other hand
|K|>R{;(r), whence the inequality follows. 1

4. A lower bound for depth >3

We shall show that the g, §, n— DR property implies nonlinear size of bounded
depth circuits (and graphs) if €, 6 >0 are fixed and 7— 0 as n—oco.

Definition. Let f be a function defined on nonnegative integers such that f(n)<n
for n>>0. We shall denote by f* the function defined by:

f*(n) = mini; fO(n) < 1},
where (*) denotes i-times iteration. We define
A1(n) = [logy 1],
X1 = A}
(Pippenger [4] uses log***(—1p for A;.)
Theorem 3. Let €, 6 >0 be fixed.
(i) for every positive integers n and r<n,
D(n,3,¢,6,1/r) = Q(nloglogr);
(ii) for every fixed d>2, and every positive integers n and r <n,
D(n,2d,e,6,1/7) = Q(nig(r)),
D(n,2d+1,¢,6,1/r) = Q(nAg(r)).
We shall use the following auxiliary functions:
ko(0) = ro(1); ko(n) = [n'/2] for n > 1;
Ri+1 = I’i?.
We shall show lower bounds Q(nkg(r)) for depth 2d+1 and d>1, and lower bounds
Q(nAy(r)) for depth 2d and d>2. Then we shall use the fact that 1 (r) ~2logylogy

and rg(r) = Ag(r) for d>2 (f ~ ¢ denotes f=0(g) and g=O(f)). First we need
some general properties of slowly growing functions by iteration.



212 P. PUDLAK
Lemma 5. Suppose f(0) = f(1)=0 and f(n) < [n'/2], for every n>1. Then for
every n>0:
f1(m) < f(n) < [n}?); (i
D) : , o o
‘ >f (n) for every i > 0, provided the denominator is not 0;  (ii)
FE N (n) _
FO(n) > £*(n)/2 for every i < f*(n)/2. (iii)

Proof. (i) Clearly f*(0)=0< f(0). Let n >0, and suppose (i) holds for all m <
n. If f(n+1)<1then f*(n+1)=0< f(n+1). Hence assume f(n+1)>1. Since
fn+1)<|(n+1Y2] <n+1, we have

P+ =+ +1< fFm+ 1) +1< [fn+DY2 +1< fin+1).
(i)

(4) () ‘ '
iy 2 T 2 /2 £

(iii) Using the assumption f(m)<|ml/2| we get

fn) > fAD@m) > ... > fED(m),
Since the values of f are integers the gaps are at least 1. Thus we have (iii). 1

Lemma 6. Suppose for some £>0 and every n>0
ef(n) < g(n) < f(n) < n'2].
Then for some 6 >0 and every n>0
6f*(n) < g"(n) < f*(n).
Proof. Let ng be such that for all n>ng
f(n) < [n*/?] < en.

Hence if f(n)>ng, then

ff(n) <ef(n) < gln).
Thus f*(n)<2¢*(n)+ng, which implies 6 f*(n) <g*(n) for some §. The inequality
g*(n) < f*(n) is obvious. 1

Lemma 7. x1(n)~logylogyn and kg(n)=~Ag(n) for d>2.

Proof. For the first relation we have for n>2,

lloggloggn| +1 = m1(22UOg2 logs nJ) <
< k1 (n) < kp (2200821082 7F1) — 10g, logy 1| + 2.
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This implies that k(n)= Az(n), which implies the second relation by Lemma 6. [

Lemma 8. D(n,1,e,6,1/r)> %r> &8 rl/2.

Proof. Let s be the size of a graph with n inputs and n outputs having e, 6,
1/r— DR property. Let X', ¥ be some sets of subsets of cardinality k=[n/r] given
by the definition of ¢, §, 1/r— DR property. Let e be an edge of the graph. The
probablhty that the endpomts of e are in random X € X and ¥ € ¥ is at most
(k/6n)?, hence the mean value of the number of edges between X and Y is at most
s(k/6n)?. By the property of the graph we know that this number is larger or equal
to ek, whence the bound. |

Lemma 9. Let f(n)<|n'/2], for every n>0. Then for every a, §, € positive reals
there exists a positive real 8 such that if

YaVn D(n,d,e/2,6,1/r) > anf(r), (a)
then
VYaVr<n D(n,d+2,¢61/r)> Bnf*(r). (b)

Proof. Suppose (a) holds true. Let C be a graph with n inputs and n outputs with
depth d+2 and with ¢/2, §, 1/r— DR property. Let V;, i=0,1,...,d+2, be the
levels of C'. Put

Ap = {v € Vi UVgpa; deg(v) > f(r)};
A, ={veVi UV f(i'H)(r) < deg(v) < f(i)(r)}, for i > 0.

Claim. For every i, a <14 < f*(r)/2—3 at least one of the following inequalities
holds:

€ n
; > ==
*AO U U Az—ll =3 f(i+1) (T) ) (1)
[{(w,v); (u,v) incident with A; U A;11 U A;qa}| > %n; (2)
(z+2
{(u,v); (u,v) not incident with AgU...U A;12}| > om (r) (3)
FE3 ()

Proof of the claim. Let ¢ be given. Suppose neither (1) nor (2) is true; we shall
prove (3). Let k be an arbitrary integer such that n/f0+D(r)<k<n. Let X, Y be
random subsets of inputs, resp. outputs, of cardinality k (from the appropriate X
and V). In the average there are at least ek vertex disjoint paths connecting them.

Out of these there are at most £ Z-FH—I)U < £k paths through AgU...UA;_; by non

(1), and there are at most £ -k paths through A; UA;11UA; 9 in the the average
by non (2), since the mean value of the number of vertices of XUY connected with
A;UA; 41 UA 9 is less than 6]; g .= £-k. Thus in the average at least £k such
paths avoid AgU...UA;UA;41 UA/L+2 Now we shall transform C' into a depth d
graph C”: first omit the vertices of V; and Vj, 1, then for each pair of edges (u,v),

(v,w) where v € Aj;3UA;44U... add the edge (u,w). Thus the size of C’ is at
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most fU*3) (r)-times larger than the size of C, since f(i+3)(7") is an upper bound
on the degrees of vertices in A;43UA;14U.... Above we have shown (' is €/2, 6,

1/f@+ () — DR, Thus by the assumption of the lemma C’ has size at least

D(n,d,e/2,8,(fSTV )™ > anf(fHD () = anf2) ().

Hence
' (142)
o> _|C] > anf (r)
FEDE) = )
The last two inequalities follow by (ii) and (iii} of Lemma 5. |

Now we finish the proof of the lemma. We consider three cases corresponding
to the conditions of the claim.

Case 1. For some i< f*(r)/2-3 we have (1). Then, since each vertex in AgU...UA;_;
has degree at least f(i)(r),

n

Case 2. for all i< f*(r)/2~3 we have (2). Then

oz (F2-3)- L~ o).

Case 3. for some i< f*(r)/2 -3 we have (3). Then

fU2(r) (i43) -
> _ > > — .
|IC| > Omf(i+3)(r) > anf (r) > an (r)
|
Proof of Theorem 3 follows from Corollary 1, Lemmas 7, 8 and 9. 1

5. Applications and open problems

We shall state explicitly some applications of the lower bounds of Corollary 1
and Theorem 3 and mention related open problems.

By our results we get the following lower bounds to the bounded depth su-
perconcentrators: (nlogn) for depth 2; Q(nloglogn) for depth 3; Q(nAg(n)) for
depth 2d and 2d+1, d>2. The same lower bound for depth 2 has been proved in [3]
where also an upper bound O(nlog?n) is proved. In [1] we shall prove Q(nlog®/?n)
for depth 2. This shows a gap between week superconcentration properties (e.g.
parallel prefix computations) and usual superconcentrators. A more direct proof
of Q(nloglogn) for depth 3 (based on the same idea) and an upper bound of the
same growth is shown in [1]. Lower bounds Q(nAg(n)) (using a different proof)
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and upper bounds O(nAg(n)) have been shown in [2] for depth 2d. Since an upper
bound for depth 2d is also an upper bound for depth 2d+ 1, our lower bound for
odd depths >5 is optimal. Thus the only open problem is to determine the size of
depth 2 superconcentrators.

Next we consider boolean circuits computing the parallel prefix matrix. We
get the same lower bounds as for superconcentrators: Q(nlogn) for depth 2;
Q(nloglogn) for depth 3; Q(nAg(n)) for depth 2d and 2d+1, d>2. (Proof-sketch:
By Proposition 1, the n x n parallel prefix matrix is 1/2, 1/2, 0— DR. Let C be a
boolean circuit for the matrix, let G be the underlying graph of C. By Lemma 1(b),
G is 1/2, 1/2, 0— DR, hence we can apply Corollary 1 and Theorem 3.) On the
other hand it is not difficult to construct linear circuits for the parallel prefix ma-
trix of sizes O(nlogn), O(nloglogn), O(nAg(n)) respectively. Thus we get optimal
bounds for all depths. These are the best lower bounds for explicitly defined 0-1
matrices even if we consider linear circuits over arbitrary fields. For matrices with

large elements Shoup and Smolensky [9] have shown a bound Q(n111/9) for depth d.
For nonlinear boolean functions we can get a little bit for more for depth 2 boolean
circuits with arbitrary gates using the lower bounds on depth 2 superconcentrators.
Namely it is quite easy to design a boolean function with O(n) input and output
variables such that any circuit computing the function is an n-superconcentrator.
For shifters our bounds (Q(nlogn) for depth 2; Q(nloglogn) for depth 3;
Q(nAg(n)) for depth 2d and 2d+1, d>2) are rather small. The size of the smallest

depth dn-shifters is ~ nitl/d [5]. It is possible that this is also the minimal size
of parity shifters, but we only have the weak lower bounds presented above. The
possibility of applying such methods to shifting circuits was first discovered in [6].

Superconcentrators failed to produce nonlinear lower bounds to bounded fan-
in and O(logn) depth circuits but it is still possible that this long-standing problem
can be solved using, for instance, circuits computing shifts. Therefore we propose
to study graphs such as the parity shifters.
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